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Abstract: As the main component of a ballasted railway system, railway ballast is frequently used by
the railway industry to enhance constructability and practicality. Numerous studies into train–track
interactions focused on ballast modelling and idealisation in completely dry environments, but
recent studies have found that, in extreme weather such as floods, water can clog natural ballast
beds and change the initial state of their properties. Ballast models used in multi-body simulations
have been mostly developed based on the instrumented impact hammering method considering the
ballast as a spring/dashpot. The single degree of freedom (SDOF) idealization for ballast enables a
non-destructive field testing technique for monitoring of railway components in practice. In this
study, the suitability of the idealization of ballast for dynamic characteristics has been evaluated. A
series of experiments have been performed with a variety of ballast conditions in flooding levels
from 0 to 40 cm, with a frequency range of 0–500 Hz. The results clearly show that the increase in
the flood level will result in increasing dynamic damping of more than 50% of dry natural ballast
whilst reducing its stiffness and natural frequency. The novel insights are of great significance for
exploring the non-linear dynamic traits of ballast in extreme environments, which can be integrated
into the coupled train–track analysis that can better express more realistically the dynamic train–track
interaction and load transfer mechanism of flooded railway tracks.
Keywords: flooded ballast; dynamic behaviors; SDOF system; idealisation model analysis
1. Introduction
Modern railway tracks have evolved over centuries with operational speeds and economic
viability. Today, there are two types of modern railway tracks: ballasted and ballastless tracks. The
use of railway ballast for rapid construction of low- to medium-speed tracks (<250 km/h) has been
adopted over several decades [1]. Railway ballast or granular media is a main track component used
in ballasted railway tracks worldwide [2]. It is mostly manufactured from crushed rock-based local
materials from various sources such as crushed igneous rocks (granite, rhyolite, decite, basalt, quartzite
or latite), crushed metamorphic rocks, crushed sedimentary rocks, crushed gravel (from rivers, lakes),
or sometimes even from waste products (such as crushed slag, chitter) [3–8]. Early railways did
not place ballast as being highly significant to the makeup of a successful design of the permanent
way. This position gradually changed and the performance of the ballast material is now considered
important in the design process. Ballast is required to fulfil the task of maintaining the track in good
alignment both horizontally and vertically. Track geometry deterioration can be rectified and restored
quickly and cost-effectively over ballast [9–15]. To gain these benefits, railway ballast must have the
following characteristics:
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• Durable to be able to absorb the loads imposed by the sleepers and transmit the loads to the
sub-grade without undue breakdown;
• Hard-wearing with high abrasion resistance in both wet and dry conditions;
• Angular with sufficient bulk density to resist movement of the track both longitudinally and
laterally; and
• Particle size to allow packing and transfer of the loads of the track but with sufficient void space
to allow free draining to assist shedding of all moisture.
Both the ballast and capping layer material can be seen in Figure 1. The functions or roles expected
of the ballast layer have changed with time and the evolutionary development of railway technology.
There is some discussion of the functions of ballast in the references, “Railroad Engineering” (Ch. 21)
by W.W. Hay, “British Rail Track” (Ch. 2), by the Permanent Way Institution, “A Review of Track
Design Procedures” (Vol. 2, Ch. 4) by Jeffs and Tew, and “Track Geotechnology and Substructure
Management”, by Selig and Waters [2,15].
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compacting roller prior to laying ballast. In reality, the capping layer and subgrade are 
non-homogenous and cannot be accurately modelled by a simple constant elastic half-space nor a 
continuous layer. These layers are thus designed under higher safety margin or higher factor of 
safety by the allowable stress design concept [16,17]. The design takes into account the accumulated 
strains of these layers, which are often limited over a target design period (e.g., 15–25 years). Track 
maintenance cost function of deteriorated ballasted tracks will increase over time. The right figure 
shows a train standing in a flooded track. 
The functions of ballast can be divided into two criteria: 
• Primary Functions:- the original purpose of ballast; and 
• Secondary Functions: the characteristics of the material that enable the ballast to fulfil and 
continue to fulfil its primary function and those functions that have been added with 
technology improvements and community expectations. 
The primary functions of the ballast are to provide a uniform elastic vertical support; to fix the 
track in position laterally and longitudinally; and to facilitate the correction of the track level and 
line enhancing constructability and maintainability of a railway network [1–4]. The secondary 
functions of ballast are to allow surface water to drain rapidly; to inhibit the growth of vegetation; to 
compensate for the presence of fouling material, to reduce noise; to provide electrical insulation of 
Figure 1. A typical ballasted track (left). The capping layer called ‘sub-ballast’ is prepared by compacting
roller prior to laying ballast. In reality, the capping layer and subgrade are no -homogenous and cannot
be accurately modelled by a simple constant astic ha f-space nor a conti uous layer. T ese layers
are thus designed under igher safety margin or h h r factor of safety by the allowable stress design
concept [16,17]. The design takes into account the accumulated strains of these layers, which are often
limited over a target design per od (e.g., 15–25 years). Track main enance cost function of deteriorated
ballasted tracks will increase ver time. The right figur shows a train standing in a flooded track.
The functions of ballast can be divided into two criteria:
• Primary Functions: the original purpose of ballast; and
• Secondary Functions: the characteristics of the material th t enable the ballast to fulfil and
continue to fulfil its primary function nd tho e functions that have be dded with technology
improveme ts and community expectations.
The primary functions of the ballast are to provide a uniform elastic vertical support; to fix the
track in position laterally and longitudinally; and to facilitate the correction of the track level and line
enhancing constructability and maintainability of a railway network [1–4]. The secondary functions of
ballast are to allow surface water to drain rapidly; to inhibit the growth of vegetation; to compensate
for the presence of fouling material, to reduce noise; to provide electrical insulation of one rail from
the other; and, to moderate the effect of frost heave in cold climates and movement due to climate
uncertainties [3,18–26].
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Railway ballast is installed under railway sleepers to transfer the static and quasi-static stress
(already filtered by rail pads and sleepers) from axle loads and wheel loads from both regular and
irregular train movements, as shown in Figure 2. In accordance with the design and analysis, numerical
models of a railway track have been employed to aid the track engineers in failure and maintenance
predictions [27–31]. Current numerical models or simulations of railway tracks mostly consider the
track components in a perfect situation or in a normal weather condition. The effect of flooding on
the dynamic behaviour of railway ballast has never been investigated, although it is evident that
climate uncertainty has a significant influence on railway networks that affects the serviceability
and performance of railway tracks [32,33]. It should be noted that for safety reasons, trains do not
usually run on flooded railway tracks. The primary reason is due to a lack of information, either
about the dynamic characteristics of railway ballast under variable flooding conditions, or about
the dynamic train–track modelling to capture the flooding conditions. This paper is the first to
present dynamic modal identification of railway ballast in flooding conditions. It also highlights the
experimental results obtained as part of the railway engineering research activities at the University of
Birmingham (UoB) aimed at improving the dynamic performance and modelling of railway tracks
globally. The proposed relationships could be incorporated into track analysis and design tools for
a more realistic representation of the dynamic train–track interaction and load transfer mechanisms
under extreme events.
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2. Materials and Methods
2.1. Materials
Natural ballast (Figure 2) used in the UK railway tracks was kindly supplied by Network Rail.
2.1.1. Types of Mass
To identify the scale effect of track components, there are three types of mass being tested, shown
in Table 1.
• Concrete block (Figure 3a), which has been manufactured in Civil lab at the University
of Birmingham.
• Half-concrete sleeper (Figure 3b), which has been supplied by Network Rail.
• Half-FFU (fibre reinforced foamed urethane) sleeper (Figure 3c) is used, which is a new innovative
composite material (wood-like) that combines the durability of plastic with the machinability of
wood [34]. The FFU material has been supplied by Sekisui.
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Table 1. Different types of mass.
Mass Types Concrete Block Concrete Sleeper FFU Sleeper
Size (mm3) 150 × 150 × 150 900 × 250 × 160 (average) 820 × 260 × 160
Contact area (mm2) 22,500 225,000 213,200
Mass (kg) 7.815 110.3 23.0
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2.1.2. The Preparation of the Ballast Bed
• Large-Scale Ballast Bed
This is a self-made 1.85 × 0.9 × 0.5 m wooden box structure (Figure 4a), in which three transparent
plastic plates of plywood are connected by drill bolts, and then silicone is applied at each joint for
sealing. The side mark is used to control the flooding level every 50 mm. The inlet/outlet pipes can be
used to adjust the water level repeatedly. At the same time, a thermometer is placed inside the box to
record the water temperature in time. The bed can accommodate a full-scale half sleeper to enable
similarity of field tests.
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• Small-Scale Ballast Bed
The small container is a transparent plastic box (Figure 4b) with a size of 0.795 × 0.395 × 0.40 m,
which is mainly used for preliminary experiments and compared with the large-scale ballast bed.
2.2. Methods
In this study, a Prosig system (DATs) [34] with the impact hammer and acquisition device is
utilized. Datafit curve fitting software has been used for modal parameter identification (using the
least square best fitting method). The flood level and water temperature is regularly measured and
recoded (as shown in Figure 5).
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This study aims to use a non-destructive test method [35] based on instrumented hammer impact
excitation and a signal-processing analysis to measure the vibration response of the structure to impact
excitation and then to use Fourier transformation to convert the vibration signals to the frequency
response function (FRF) (as shown in Figure 6). The FRF is then used to extract the modal parameters,
natural frequency, and its dynamic properties [36].
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2.2.1. Identification of Dynamic Parameters Using an Instrumented Hammer
If the dynamic properties in the mid- or high-frequency range of materials are determined, the
instrumented hammer impact loading and accelerometer recording are suitable tools for modal analysis.
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Its moveable features can effectively avoid blocking the traffic [37]. A series of time recordings can
be converted into an average FRF, which is directly related to the material property. The acquisition
equipment can be linked to a portable laptop, which captures the data for analyses in a short time
(Figure 7). A lumped mass model (single degree of freedom, SDOF) can be idealised for ballast testing,
which enable suitable analytical models for best curve fitting in the direct vicinity of the resonant peak.
Appl. Sci. 2019, 11, x FOR PEER REVIEW  6 of 32 
 
Figure 6. (a) Level for adjusting the surface of testing mass; (b) thermometers for recording the 
testing temperature at different water levels. 
This study aims to use a non-destructive test method [35] based on instrumented hammer 
impact excitation and a signal-processing analysis to measure the vibration response of the structure 
to impact excitation and then to use Fourier transformation to convert the vibration signals to the 
frequency response function (FRF) (as shown in Figure 6). The FRF is then used to extract the modal 
parameters, natural frequency, and its dynamic properties [36]. 
2.2.1. Identification of Dynamic Parameters Using an Instrumented Hammer 
If the dynamic properties in the mid- or high-frequency range of materials are determined, the 
instrumented hammer impact loading and accelerometer recording are suitable tools for modal 
analysis. Its moveable features can effectively avoid blocking the traffic [37]. A series of time 
recordings can be converted into an average FRF, which is directly related to the aterial property. 
The acquisition equipment can be linked to a portable laptop, which captures the data for analyses in 
a short time (Figure 7). A lumped mass model (single degree of freedom, SDOF) can be idealised for 
ballast testing, which enable suitable analytical models for best curve fitting in the direct vicinity of 
the resonant peak. 
 
Figure 7. Capture data using the instrumented hammer. 
In the SDOF system, the accelerometer can be used to measure the response at the remaining 
points and then a series of FRFs can be obtained; then, the natural frequencies and corresponding 
mode shapes can be extracted using modal analysis software (DATs). 
2.2.2. Simulating Floods in Ballast 
The flood condition can be simulated by using different water levels representing various flood 
conditions and measuring the dynamic behaviors of every level (increase every 10 cm from 0 to 40 
cm), as illustrated in Figure 8. In this study, the emphasis is placed on the change in ballast 
properties. Influences of soils undermined by floods are outside the scope of this study.  
. .
In the SDOF syste , the accelero eter can be used to easure the response at the re aining
points and then a series of FRFs can be obtained; then, the natural frequencies and corresponding
ode shapes can be extracted using odal analysis soft are (DATs).
2.2.2. Simulating Floods in Ballast
The flood condition can be simulated by using different water levels representing various flood
conditions and measuring the dynamic behaviors of every level (increase every 10 cm from 0 to 40 cm),
as illustrated in Figure 8. In this study, the emphasis is placed on the change in ballast properties.
Influences of soils undermined by floods are outside the scope of this study.Appl. Sci. 2019, 11, x FOR PEER REVIEW  7 of 32 
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2.2.3. Model Built Using Fourier Transformation
Dynamic characteristics of ballast represented by an elastic spring and dashpot component in
the vertical direction can be obtained from the motion and frequency relationship of the object using
the Fourier transformation formula. Fourier transformation is the frequency domain representation
of the vibration signal. The simplest form of dynamic characteristics in the vertical direction, which
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is commonly used in coupled train–track interaction models, can be described by the well-known
equation of motion [38].
M
..
X + C
.
X + KX = F(t) (1)
The displacement function X(t) can be written as:
X = Ae−iωt (2)
.
X = −iωAe−iωt (3)
..
X = −ω2Ae−iωt (4)
Ae−iωt(−ω2M− iCω+ K) = F(t) (5)
According to the well-known Euler formula in complex analysis (illustrated in Figure 9), we
can obtain:
eiϕ = cosϕ+ i sinϕ (6)
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Note that:
A(cosϕ− isinϕ)(−ω2M− iCω+ K) = F(t) (7)
A
F
=
1
(K −ω2M) cosϕ−Cω sinϕ− i(K −ω2M) sinϕ− iCω cosϕ) (8)
Then,
tanϕ = − Cω
K −ω2M =
−2ζω/ωn
1−ω2/ωn2 (9)
ωn =
√
k
m
(10)
ζ =
c
2
√
km
(11)
ω = 2pi f (12)
where M, C, and K generally represent the effective mass, damping, and stiffness of railway ballast
respectively ωn, ω represent the natural frequency and radial vibration frequency, and ζ is the
damping ratio.
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Therefore, the magnitude of FRF is given by:
H(ω) =
A
F
=
1
M
× 1√
(2ζω/ωn)
2 + (1−ω2/ωn2)2
(13)
On this basis, Kelvin and Poynting-Thomson further propose an independent model, which
adds a frequency-dependent spring to the original basic model equivalent to the action system of two
springs [39].
The dynamic expression of the dynamic characteristics in the vertical direction as shown in
Figure 10 can be reformulated as:
M
..
X +
1
1
Cω +
1
K1
X + K2X = F(t) (14)
H(ω) =
A
F
=
1
M
× 1√
( 1M
Cω+
M
K1
)
2
+ (K2M −ω2)
2
(15)
where,
K1 = frequency-dependent stiffness (N/m)
K2 = frequency-independent stiffness (N/m)
C1 = frequency-dependent viscous damping (Ns/m)
α = stiffness fractional coefficient
α =
ω2
z2 +ω2
(16)
β = damping fractional coefficient
β =
z2
ω2
(17)
where ω is the radial frequency (s − 1), ω = 2pif ; and z is the partial inverse loss value (s − 1),
z = K1/C1 [39].
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Then, 
𝑡𝑎𝑛 𝜑 = − 𝐶𝜔𝐾 − 𝜔ଶ𝑀 =
−2𝜔 𝜔௡⁄
1 − 𝜔ଶ 𝜔௡ଶ⁄  (9) 
𝜔௡ = ඨ
𝑘
𝑚  (10) 
   = 𝑐2√𝑘𝑚 (11) 
  𝜔 = 2𝜋𝑓 (12) 
Where M, C, and K generally represent the effective mass, damping, and stiffness of railway ballast 
respectively n,  represent the natural frequency and radial vibration frequency, and ζ is the 
damping ratio. 
Therefore, the magnitude of FRF is given by: 
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Where, 
K1 = frequency-dependent stiffness (N/m) 
K2 = frequency-independent stiffness (N/m) 
i re 10. e state e e e t el.
According to these coefficients, the integration formula is shown in Table 2.
Table 2. The Kelvin and Poynting-Thomson mechanical model definition.
Property Kelvin Model Poyning-Thomson Model
Kt K = αK1 + K2
Ct C = αβC1
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2.2.4. Modal Identification by Best Curve Fitting Method
Modal testing is a non-destructive testing strategy based on the response of structure to vibration
excitation. The FRF is the most common data used for assessing modal parameters. It contains
vibration spectra computed from the auto-spectrum and cross-spectrum that are measured from the
structure [40]. The modal analysis based on the Fast Fourier Transformation [41] of the best curve-fitting
approach is widely used to analyse dynamic properties of railway components. The specific approach
involves using the least-squares curve to fit the experimental data of FRF, and many curve-fitting tools
are available for the modal identification, such as Matlab and Datafit [35,36].
3. Results
3.1. Experimental Results and Justification
The experimental results obtained from the modal testing of half concrete sleeper over ballast bed
are shown in Figures 11 and 12.Appl. Sci. 2019, 11, x FOR PEER REVIEW  10 of 32 
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3.1.1. The Transient Forces
It can be seen from Figure 11a that the impulses are dampened within 0.005 s and the peak of
force occurs approximately at the same time.
3.1.2. The Changed Acceleration
Figure 11b illustrates the relationship between time and acceleration. From this relationship,
it can be see that the acceleration decreases with the i crease of the water level, indicating that
the flood effectively increases the system damping, the vibration is weakened, and the secondary
amplitude b comes smaller. The flooding environment increases the overall energy consumption of
the ballast system.
3.1.3. The Changed Frequency Response Function (FRF)
Figure 12 demonstrates that the FRFs tend to decrease with the increase in the water level.
After the complete flooding is reached, there is a significant change in the natural frequency of the
ballast. According to Equation (10), the mass is considered constant (especially before the completely
submerged). The reduction in frequency will result in a reduction in the overall dynamic stiffness of
the system.
3.1.4. Discussion
The vertical force of the system is instantaneous and basically occurs at the same time. With
increasing water level, both the acceleration and FRF decrease by more than 50%, indicating that the
speed and size of vibration are significantly slower than initial state (i.e., dry condition), and water
enters the ballast and fills the gap, which changes the natural frequency of ballast, resonance frequency
gently shifts initially but an obvious change can be observed after the complete flooding.
3.2. Modal Idealisation Concepts
In order to obtain an insight into the dynamic properties and the suitability of dynamic model
idealisations, it is necessary to identify a variety of appropriate models for ballast representation using
the FRF data (or its equivalent impulse response data) in conjunction with the best fitting approach.
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There are 6 possible modelling schemes (as shown in Figure 13) for ballast idealisations. It should
be noted that the latter three models are more complex and require a longer computing time for
parameters identification, which is not practical for coupled train-track multi-body simulations. This
research will thus mainly focus on the first three practical models in details (Models 1–3), which could
be realistically adopted in the multi-body simulations.Appl. Sci. 2019, 11, x FOR PEER REVIEW  12 of 32 
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3.2.1. Model-1 ‘K-C’
3.2.1.1. Model Building
This model is the most commonly used and the most fundamental model, adopted in all of
train-track interaction multi-body simulations. It is considered as the benchmark and helps us to
understand the basis and trend of the ballast experiments, to analyse the essential relationship of key
parameters, and to provide a reference for subsequent model exploration and optimization.
By converting Equation (13) to a frequency-related formula, we can obtain:
H( f ) =
1
M
× (2pi f )
2(MK )√
(2pi f )2(MK )(
C2
KM ) + (1− (MK )(2pi f )2)
2
(18)
3.2.1.2. The Model Result
The experimental results have been used for modal parameter identification in accordance with
Equation (18), shown in Table 3.
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Table 3. The dynamic properties’ changes with flooding level.
Types of Test FloodingLevel
Damping
(kN·s/m)
Stiffness
(MN/m)
Frequency
(Hz)
Curve
Fitting Error
Correlation
Coefficient
Concrete sleeper
on natural ballast
(23 ◦C–26 ◦C)
00 cm 1.1626 14.6742 58 0.74% 99.26%
10 cm 1.7753 13.7405 56 0.57% 99.43%
20 cm 1.8268 13.4096 56 0.45% 99.55%
30 cm 2.3174 11.9497 52 1.56% 98.44%
35 cm 2.3701 11.329 51 0.17% 99.83%
40 cm 3.3087 6.5838 39 1.25% 98.75%
FFU sleeper on
natural ballast (21
◦C–23 ◦C)
00 cm 1.3239 15.0783 129 6.96% 93.04%
10 cm 1.3123 15.3719 130 6.15% 93.85%
20 cm 1.3859 14.8682 128 0.05% 99.95%
30 cm 1.1585 15.0044 129 2.67% 97.33%
35 cm 1.4073 15.0508 129 0.60% 99.40%
40 cm 6.3001 13.1991 125 0.44% 99.56%
Concrete block on
natural ballast (24
◦C–25 ◦C)
00 cm 1.0815 14.2493 215 3.16% 96.84%
10 cm 1.156 13.51 210 5.00% 95.00%
20 cm 1.1975 12.5404 202 1.47% 98.53%
30 cm 1.3944 13.1293 207 0.93% 99.07%
35 cm 1.6208 11.2456 192 2.62% 97.38%
40 cm 1.2125 9.4513 176 5.13% 94.87%
The error of the overall experimental data is relatively minimal, and the curve fitting correlation
coefficient rate is basically above 97% as shown in Figure 14.
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3.2.1.3. Discussion of Model-1 
The remarks and suitability of the dynamic attributes of ballast can be discussed as follows: 
• The Shift of Resonance Frequency 
Numerical model 
fi
3.2.1.3. Discussion of Model-1
The remarks and suitability of the dynamic attributes of ballast can be discussed as follows:
• The Shift of Resonance Frequency
By varying different masses, the frequency interval of the resonant frequency is shifted. Before
reaching the full flooding condition (i.e., critical flooding level: 35 cm), the respective frequency
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segments are concentrated in the fixed change interval and the deviation is relatively small. After
being completely submerged, a significant ‘jump’ of natural frequencies occurs, which is caused by
the bottom surface of the mass coming into contact with flood water, changing the original resonant
frequency band irregularly. The second factor is the influence of buoyancy (which will be analysed in a
later section): the ballast is soaked in the water and is subjected to upward buoyancy, which induces a
significant change in the vibration frequency. Simultaneously, the effective contribution of the dynamic
mass will also change. The frequency changes can be illustrated in Figure 15.
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Figure 15. Resonance frequencies.
• The Change of Dynamic Stiffness
Overall, the change of dynamic stiffness is considerable. With the increase in the flood water level,
the stiffness will maintain continuous downward trend.
In the dry condition, the stiffness values of the same ballast material are shown to be approximately
constant, but are negligibly affected by water temperature (as shown in Table 3). The dynamic stiffness
of natural ballast is generally stable at around 15 MN/m.
After experiencing the flood conditions, the change in stiffness depends significantly on the
mass level difference. It is clear that the FFU and concrete sleepers exhibit relatively stable dynamic
frequencies [39]. Figure 16 illustrates that the FFU sleeper tends to yield slightly higher stiffness of
ballast than the others. Note that the ballast specimen is identical. This clearly implies that the track
mass plays a key role on the ballast stiffness when flooding conditions occur. It is also clear that,
under dry conditions, the track mass does not play an influential role on ballast properties and the
discrepancy of dynamic stiffness derived from various test setups is less than 3%.
3.2.1.4. The Fixed Relationship between Different Masses
At resonance, we note that:
ω = 2pi f = ωn =
√
K
M
(19)
Then, the difference in masses imposes the following internal relationship:
M1
M2
= γ =
K1 f22
K2 f12
(20)
where
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γ: Correlation coefficient of different mass.
M: The effective quality of this system, 7.815 kg, 23 kg, and 110.3 kg respectively.
K: Different dynamic stiffness.
f : The resonant frequency.
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Figure 16. Dynamic stiffness in Model-1.
Based on the relationship between dynamic stiffness and resonance frequency in Figure 17,
it should be noted that under the same dynamic stiffness, M is inversely proportional to f 2.
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Figure 17. The relationship between dynamic stiffness and resonance frequency squares at
different masses.
3.2.1.5. The Change of Dynamic Damping
• Overall, the dynamic damping tends to increase with the increasing flood level as illustrated
in Figure 18. In particular, after the ballast is submerged, the damping tends to be affected
and probably disturbed by buoyancy. After experiencing the flood environment, the dynamic
characteristics of the identical ballast under different masses are different. Although the growth
trend continues, the magnitude of the change is rather different. This can be because the water
Appl. Sci. 2019, 9, 1785 15 of 28
buoyancy could indirectly affect frequency changes, which in turn affects the identification of
dynamic properties of ballast.
• Under dry conditions, the damping value of the ballast material is constant and is not affected by
the difference in masses. The damping of natural ballast is somewhat stable at 1 kN·s/m.
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3.3. Model-2 ‘KC-C’
3.3.1. Model Building
Model-2 has been derived using a special frequency-dependent damping C1, which further
modifies the dynamic model of the ballast. The specific model form ca be written in Equations (21–23).
M
..
X + C2
.
X + (
1
1
K +
1
C1ω
)X = F(t) (21)
where C1, C2 and K represent the frequency-dependent damping, frequency-independent damping,
frequency-independent stiffness of ballast, respectively.
X0
F
=
1
M
× 1√
(C2ωM )
2
+ ( 1M
K +
M
C1ω
−ω2)2
(22)
By Fourier series, Equation (23) can be written:
H( f ) =
1
M
×
(2pi f )2
[
M( 1K +
1
2pi f C1
)
]
√
(2pi f )2(MK +
M
2pi f C1
)C2
2
M (
1
K +
1
2pi f C1
) + (1− (MK + M2pi f C1 )(2pi f )
2)
2
(23)
3.3.2. Model Result
The modal parameters of ballast based on Model-2 formulation are tabulated in Table 4 as follows:
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Table 4. Dynamic properties of ballast based on Model-2 (using concrete sleeper).
Water Level C1 (kN·s/m) C2 (kN·s/m) K (MN/m) Frequency(Hz) Error
Correlation
Coefficient
00 cm / 1.1626 14.6742 58 0.544% 99.456%
10 cm 157246218.0 1.7757 13.7406 56 0.401% 99.599%
20 cm 8102587.1 1.8268 13.4097 56 0.305% 99.695%
30 cm 93916878.9 2.3175 11.9499 52 1.033% 98.967%
35 cm 12062653.1 2.3701 11.3291 51 0.107% 99.893%
40 cm 90112652.5 3.3086 6.5844 39 0.713% 99.287%
3.3.3. Remark of Model-2
According to Table 4, the best curve-fitting process is similar to that of Model-1. The average error
is 0.52%, and the frequency independent damping C2 and the dynamic stiffness K1 are almost the same
as those in Model-1, but the value of damping C1 is millions of times larger than usual and exhibits
50% fluctuations (as shown in Figure 19). Therefore, it can be remarked that this model is not suitable
for ballast idealisation.
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3.4. Model-3 ‘KC-K’
3.4.1. Model Building
Model-3 is aimed to combine the two different levels of stiffness with a damping. This idealisation
model can be modified from Equation (14), as follows:
M
..
X +
 11
C1ω
− 1K1
X + K2X = F(t) (24)
where C1, K1 and K2 represent the frequency-dependent damping, frequency-dependent stiffness, and
frequency-independent stiffness of ballast, respectively.
H( f ) =
1
M
×
(2pi f )2( MK2 )√ 1K22( 12pi f c− 1K1 )
2 + [1− (2pi f )2( MK2 )]2
(25)
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3.4.2. Test Results in Model-3 and Justification
The modal parameters based on Model-3 are shown in Table 5:
Table 5. The dynamic properties of ballast in Model-3.
Types FloodingLevel
Damping
C1 (kN·s/m)
Stiffness
K1 (MN/m)
Stiffness
K2 (MN/m)
Frequency
(Hz) R
2 Ct Kt
Concrete sleeper
on natural ballast
(23 ◦C–26 ◦C)
00 cm 1.1626 / 14.6742 58 99.259% 1.16 14.67
10 cm 1.5842 5.1906 13.7423 56 99.600% 1.76 13.80
20 cm 1.6329 5.3604 13.4114 56 99.695% 1.81 13.47
30 cm 2.0663 6.1864 11.9530 52 98.981% 2.29 12.03
35 cm 2.1142 6.3562 11.3321 51 99.884% 2.34 11.40
40 cm 3.0594 9.1594 6.5888 39 99.307% 3.29 6.65
FFU sleeper on
natural ballast
(21 ◦C–23 ◦C)
00 cm 1.3239 / 15.0783 129 93.040% 1.32 15.08
10 cm 0.9748 3.0967 15.3856 130 95.694% 1.23 15.58
20 cm 1.0355 3.2988 14.8826 128 99.886% 1.30 15.08
30 cm 0.8643 2.7483 15.0147 129 98.099% 1.09 15.18
35 cm 1.0489 3.3429 15.0655 129 99.396% 1.32 15.27
40 cm 4.8084 16.0920 13.5564 125 99.680% 5.97 14.40
concrete block on
natural ballast
(24 ◦C–25 ◦C)
00 cm 1.0815 / 14.2493 215 96.840% 1.08 14.25
10 cm 0.6797 2.1809 13.5743 210 93.230% 0.99 13.89
20 cm 0.7222 2.3210 12.6049 202 94.220% 1.04 12.92
30 cm 0.8292 2.6763 13.2210 207 93.275% 1.20 13.59
35 cm 1.0136 3.2896 11.3589 192 92.866% 1.42 11.76
40 cm 0.7944 2.5542 9.5055 176 93.639% 1.08 9.78
An example of the best curve fitting can be illustrated in Figure 20.
• The results of all four experiments show that the curve fitting error based on Model-1 is
the least compared with those of other models, and the errors are especially higher in
smaller-scale experiments.
• Based on Model-3, there is no significant change in frequency-independent stiffness. It can be
seen from Figure 21a that the dynamic stiffness traits of the two models are very consistent.
• Figure 21b shows that the variation of the damping in Model-3 displays the same trend as Model-1.
This model does not significantly change the original damping, but there is an almost constant gap.
• The frequency-dependent stiffness K1 presents a similar variation of damping as shown in
Figure 22. The trend is basically consistent with the trend of damping. The combination of spring
with the dashpot is a subtractive relationship, so the combination with frequency-independent
stiffness will reduce the total stiffness value (Kt) of the system.
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Figure 21. (a) comparison of dynamic da ping at two models; (b) comparison of dynamic stiffness at
two models.
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Figure 22. Stiffness K1 in Model-3.
3.4.3. Remark of Model-3
In this model, the original damping and stiffness are idealised as those in Model-1. In particular,
the results thus show that the independent dynamic stiffness values are reasonably stable. When
frequency-dependent stiffness is introduced, the change tends to be similar to the dynamic damping.
As described in Model 1, in flood conditions, the dynamic damping and stiffness tested by different
kinds of mass can be varied and affected by different frequencies. It is therefore necessary to introduce a
frequency-dep ndent model. Then, another dynamic variable K1 an be introduced i the idealisation
model. Comp red with Model-1, it is found that K1 can slig tly reduce the stiffness and damping of
the system at the sam tim .
3.5. Further Models
Considering the overall curve fitting errors of Model-3, they are slightly larger than that of Model-1.
In order to understand the more detailed dynamic characteristics of the system more clearly and
accurately, three more complex models can be further developed based on the dynamic SDOF theory.
3.5.1. Model-4 ‘K-KC-C’
The equation of motion for Model 4 can be rewritten as:
M
..
X + C2
.
X +
 11
K1
+ 1ωC1
X + K2X = F(t) (26)
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where C1, C2 and K1, K2 represent the frequency-dependent damping, frequency-independent damping,
and frequency-dependent stiffness, frequency-independent stiffness respectively.
H(ω) =
X0
F
=
1
M
× 1√
(C2ωM )
2
+ ( 1M
K1
+ MωC1
)
2
+ (K2M −ω2)
2
(27)
The modal parameters based on this model are shown in Figure 23.
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Figure 23. (a) Frequency-dependent dynamic in Model-4. (b) Frequency-independent dynamic in
Model-4. (c) Frequency-dependent stiffness in Model-4. (d) Frequency-independent stiffness in Model-4.
It is found that C1 and K2 remain the same trends with Model-1 and Model-3, but the trends of C2
and K1 can be questionable.
3.5.2. Model-5 ‘C-KC-C’
The equation of motion for Model 5 can be rewritten as:
M
..
X + C2
.
X + C3
.
X +
 11
K1
+ 1ωC1
X = F(t) (28)
where C1, C2, C3 and K1 represent the frequency-dependent, frequency-dependent and
frequency-independent damping, frequency-independent stiffness respectively.
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3.5.3. Model-6 ‘KC-KC-C’
The equation of motion for Model 6 can be rewritten as:
M
..
X + C3
.
X +
 11
K1
+ 1C1ω
X +
 11
K2
+ 1C2ω
X = F(t) (29)
where C1, C2, C3 and K1, K2 represent the frequency-dependent, frequency-dependent damping,
frequency-independent damping and frequency-dependent, frequency-dependent stiffness respectively.
The data analysis of the latter three models shows that the results are more random and inconclusive
(similar to the results in Figure 23). On this ground, it can be clear that these models (4–6) might not be
suitable for ballast idealisation.
3.6. Study of Water Buoyancy
According to the modal analysis, it can be inferred that buoyancy could be a dynamic influential
factor, which cannot be ignored in flood conditions. In this study, buoyancy of ballast has been
evaluated as shown in Figure 24. The properties of ballast can be listed in Table 6.
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Figure 24. Measurement of i l ed water in ballast column.
Table 6. Physical properties of ballast tested in lab.
Type of Ballast Measured Density(kg/m3)
The Unit Bulk Weight
(N/m3)
Unit Volume of Displaced
Water (m3/m3)
Natural ballast 1492.806 14644.43 0.5346
The fundamental method is to measure the volume of water remaining in the container filled with
2000 ml of ballast, thereby obtaining the volume of the displaced water, which is compiled according
to the buoyancy formula [42] as follows:
B = ρ f gV f (30)
where
B—buoyancy force in N
ρf—fluid density in kg/m3
Vf—displacement volume of water in m3
g—9.81 m/s2.
Table 7 shows that water buoyancy is about three times lesser than the self-weight of ballast,
confirming that it could potentially cause a small degree of interference to the ballast test results. Note
that more detailed data is available in Appendix A.
Appl. Sci. 2019, 9, 1785 21 of 28
Table 7. The water buoyancy by different materials and containers.
Types Flooding Level Volume ofBallast (m3)
Volume of
Discharged
Water (m3)
Buoyancy (N) Self-Weight(N)
Large-scale
ballast bed
(natural ballast)
00 cm 0.00 0.00 0.00 0
10 cm 0.17 0.09 873.22 2438.30
20 cm 0.33 0.18 1746.44 4876.59
30 cm 0.50 0.27 2619.67 7314.89
35 cm 0.58 0.31 3056.28 8534.04
40 cm 0.67 0.36 3056.28 8534.04
Small-scale
ballast bed
(natural ballast)
00 cm 0.00 0.00 0.00 0.00
10 cm 0.03 0.02 164.69 459.87
20 cm 0.06 0.03 329.39 919.74
30 cm 0.09 0.05 494.08 1379.61
35cm 0.11 0.06 576.42 1609.55
40 cm 0.13 0.07 576.42 1609.55
4. Discussion on Suitability of Ballast Idealisation
4.1. Introduction to the Railway Ballast
The majority of railway structures around the world consist of rails mounted onto either wooden
or concrete sleepers embedded in ballast, as shown in Figure 25 [42,43]. Their performance significantly
depends on the mechanical behaviour of ballast.Appl. Sci. 2019, 11, x FOR PEER REVIEW  24 of 32 
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Figure 25. Typical structure of ballast track [42].
Railway ballast can be defined as the selected crushed granular material placed as the top layer of
the substructure in which the sleepers are emb dd to suppo t the ails [44]. The granular m te ial
can provide uniform elastic support for the vertical direction of the rail, which can effectively alleviate
the pressure on the subgrade of the bottom of the sleeper. It can provide lateral resistance to ensure
that the track and the foundation do not slip. It can also allow the surface water to drain in time etc [45].
The depth of the ballast bed is normally at least 0.3 m and the width is at least 0.5 m from the ends of
the sleepers [46].
4.2. Past Investigations into Ballast
The most co mon dynamic properties of viscoelastic engineering materials are dynamic stiffness
and dampi g. The i ealization of bal ast has represented the prop rties of ballast by using spring and
dashpot. Such method has been adopte for multi-body simulations f tra n–tr ck interact on in rail
industry and has been used for condition monitoring tests in the field and/or in the laboratory.
In the field, Kaewunruen and Remennikov [47] have observed the dynamic characteristics of
the ballasted railway track and relevant components. The FRFs [48] were obtained by acquiring the
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resonance frequency range of 0 to 1600 Hz, and the 2 degrees-of-freedom models have been established
and analysed for modal parameters [49].
Paixão et al. [50] have studied the sleeper-ballast interaction and refered to the use of special pads
such as under sleeper pads to reduce ballast settlement and displacement, thereby saving life cycle costs,
numerical modelling and a non-destructuve testing (NDT) technique are discussed. The results showed
evidence that USP can increase track flexibility and reduce the full track resonant frequency of about
18%, which suggests influence in track dynamic behaviour. The laboratory simulation experiments are
generally used together with preloads because the ballasts are consistently under stress during the train
passage [51]. Herron et al. [52] applied the static preload to test elastic materials in tracks, and generate
the vibration using the instrumental hammer excitation system to obtain ballast’s dynamic properties.
Indraratna et al. [53] have studied the law of deformation and the degradation behaviour of
ballast under static and dynamic loads, applying cyclic loads and specific frequencies to simulate
high-speed trains, and to measure the settlement and damage of ballast, indicating that the ballast
particle size distribution has a significant influence on ballast degradation, and the settlement of ballast
stabilizes within 100,000 load cycles. For the environmentally friendly materials, Esmaeili et al. [54]
have focused on the mixing of tire-derived aggregates into polymers in different proportions. Under
different types of preload dynamic loads, the FRF method is used to calculate the new materials’
significant effect of shock absorption and noise reduction, then propose 10% of tire-derived aggregate
is ideal for practical use.
4.3. Methods in This Study
4.3.1. Single-Degree-of-Freedom System
The idealised single-degree-of-freedom system (SDOF) is a spring-mass-damper system as
shown in Figure 26. It contains three elements: stiffness, mass, and the damping coefficient [55]
and the properties are mutually independent [56]. The SDOF system is the basis for the study of
multi-degree-of-freedom (MDOF) systems. Many of the vibration systems used in today’s engineering
can be simplified to an SDOF idealisation. This theory can be used to obtain ideal results [57].
A structural SDOF system can be thought of as a single input–single output system [58]. The dynamic
characteristics of the system with an independent excitation signal type can be used to optimize the
selection of the instrument and the measured structure [59].
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has argued that the frequency characteristics of vibration models in other directions are significantly 
higher than 1500 Hz which is usually not considered. 
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abnormal climate can occur frequently. The southern Indian state of Kerala just suffered from the 
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4.3.2. Frequency Response Function (FRF)
The FRF is related to the transfer function. Mathematically, the FRF is defined as the Fourier
transformation of the output divided by the Fourier transformation of the input [60].
4.3.3. The Frequency Domain
Molodova [61] and Ganesan [62] described the study of the relevant frequency segmentation.
It is believed that the corresponding frequencies of the railway structure are mainly concentrated in
the mid-domain 40–400 Hz and in part of the high-domain 400–1500 Hz. Each of the true reflections
reflects the persistence of the structure in response to the behaviour of the material itself. Ripke [63]
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has argued that the frequency characteristics of vibration models in other directions are significantly
higher than 1500 Hz which is usually not considered.
4.4. Research Gap and Problems to Be Resolved
It is found that only considering the dynamic performance in dry conditions is insufficient as an
abnormal climate can occur frequently. The southern Indian state of Kerala just suffered from the worst
flood in 100 years [64,65]. Binti et al. [25] has pointed out that the accompanying extreme weather
events have grown and are expected to increase in the future. Climate change can cause existing
structures to exhibit different performance characteristics than normal [66]. Hence, for the engineering
structures, there is a compelling need to consider not only safety and applicability but also reliability,
resilience and durability [67].
Until now, most investigations scarcely involve the area of flooded ballast. Kaewunruen [3] has
pointed out that it is necessary to determine their railway track exposure and the modal parameters
of railway turnouts (switches and crossings) under flood conditions. For a better understanding
of mechanical behaviours involving the railway ballast, it requires reasonable test methods and
appropriate numerical models [68–71]. Therefore, the study of ballast in flood conditions by identifying
the changing law and establishing an ideal dynamic model is particularly important.
This study embarks on the full-scale experiments and formulates 6 models of ballast idealisation
concepts. The modal identification results reveal that the fundamental model (Model 1: spring dashpot)
prevails over other models in terms of accuracy and precision. The more complicated models (such as
Model 2 to 6) are not suitable for ballast idealisation, especially in a flood condition.
5. Conclusions
Modern railway tracks have widely adopted railway ballast, which is granular media from crushed
rocks, as one of their critical components over centuries. The railway ballast is generally installed
under the railway sleeper to align track geometry; absorb dynamic wheel–rail interaction forces;
prevent the underlying railway track subgrade from excessive stresses; and enable the interlocking
of skeleton track onto the ground providing lateral track stability. Current practices in dynamic
coupling vehicle–track simulations idealise track components into MDOF systems. However, to date,
only dynamic parameters of dry ballast condition have been investigated. Recent findings show that
railway track could significantly experience extreme climate such as long-term flooding. Therefore, it is
necessary to identify modal parameters of railway ballast exposed to flooding conditions. This study is
the first to highlight such critical conditions. Analytical and experimental studies have been conducted
to address such the pressing issue. The modal experimental studies reveal an unprecedented insight
into the dynamic properties of the flooded ballast. The flood condition can reduce the stiffness of the
track system, whilst also increasing the damping or energy dissipation of the track. It is important to
note that this study considered a flash flood case only. In reality, the flood condition can also reduce
the load carrying capacity and stiffness of the subgrade layer. In addition, the experiments in this
study reveal that a frequency-based condition monitoring technique might have certain limitation in
practice. Future work will highlight the development of new SDOF model that is more realistic and
more capable of defining state-dependent characteristics of the railway tracks submerged under flood
conditions. The influence of impulse energy as well as the track mass will also be investigated in the
near future. In summary:
• This research explored the dynamic properties of the railway ballast under various conditions,
and identified that their dynamic properties can change significantly under flood conditions
compared with a dry state.
• The dynamic modal parameters of the identical ballast material in the dry state are consistently the
same regardless of the scale of track masses. Under flood conditions, the resonance frequency shifts
are relatively small, the damping increases with the increase of the flooding level, and the stiffness
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exhibits a decreasing trend. This phenomenon is especially obvious when the conventional
concrete sleeper is used for testing the natural ballast.
• The changes in water temperature can slightly affect the test results, high temperature can decrease
the dynamic stiffness, and low temperature can increase the dynamic stiffness, then the resonance
frequency will change as well.
• The correlation between different masses has a proportional relationship to their dynamic stiffness
divided by the square of the natural frequency.
• The small mass resonance frequency occurs in the high-frequency band, and the larger resonance
occurs in the low-frequency band. The experimental results show that the low-frequency band
data is more accurate.
• The increase in the flooding level will change natural frequency and decrease the FRF. The system
stiffness will decrease with the decrease of the natural frequency.
• The properties of the material have different effects on the dynamic characteristics of the study.
Meanwhile, the buoyancy will also have an interference effect on the system, especially where the
test is conducted by using a lighter track mass.
• In order to obtain data for the experiment, a total of six dynamic models were established for this
study, and the first three were discussed in detail, among which two reasonable models (Models
1 and 3) were found. The mean values of the experimental data curve fittings in Model-1 and
Model-3 were 97.45% and 96.95%, respectively. The state-dependent model (Model 3) is found to
be reasonable but needs further optimisation.
• This experiment is the world’s first investigation into railway ballast behaviour in flood conditions.
The insights into modal parameters and idealisation of ballast in flood conditions provide a new
reference for the numerical train–track simulations in practice.
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Appendix A
Table A1. Comparison of the dynamic properties of railway ballast in flood.
Types Flooding
Level
Resonant
Frequency
(Hz)
Model 1 Model 3
Damping
(kN·s/m)
Stiffness
(MN/m)
Correlation
Coefficient
Damping
(kN·s/m)
Frequency-
Dependent
K1 (MN/m)
Frequency-
Independent
K2 (MN/m)
Correlation
Coefficient
Total
Damping
Ct (kN·s/m)
Total
Stiffness Kt
(MN/m)
Damping
Ratio ζ
concrete
sleeper on
natural ballast
(23 ◦C–26 ◦C)
00 cm 58 1.163 14.674 99.26% 1.020 0.000 14.674 99.26% 1.163 14.674 0.01
10 cm 56 1.775 13.741 99.43% 1.584 5.191 13.742 99.60% 1.755 13.683 0.02
20 cm 56 1.827 13.410 99.55% 1.633 5.360 13.411 99.70% 1.806 13.351 0.02
30 cm 52 2.317 11.950 98.44% 2.066 6.186 11.953 98.98% 2.290 11.880 0.03
35 cm 51 2.370 11.329 99.83% 2.114 6.356 11.332 99.88% 2.344 11.261 0.03
40 cm 39 3.309 6.584 98.75% 3.059 9.159 6.589 99.31% 3.287 6.528 0.06
FFU sleeper
on natural
ballast
(21 ◦C –23 ◦C)
00 cm 129 1.324 15.078 93.04% 1.324 0.000 15.078 93.04% 1.324 15.078 0.04
10 cm 130 1.312 15.372 93.85% 0.975 3.097 15.386 95.69% 1.231 15.194 0.03
20 cm 128 1.386 14.868 99.95% 1.036 3.299 14.883 99.89% 1.303 14.685 0.04
30 cm 129 1.158 15.004 97.33% 0.864 2.748 15.015 98.10% 1.088 14.847 0.03
35 cm 129 1.407 15.051 99.40% 1.049 3.343 15.065 99.40% 1.322 14.862 0.04
40 cm 125 6.300 13.199 99.56% 4.808 16.092 13.556 99.68% 5.971 12.716 0.17
Table A2. Comparison of the dynamic properties of railway ballast in flood.
Types Flooding
Level
Resonant
Frequency
(Hz)
Model 1 Model 3
Damping
(kN·s/m)
Stiffness
(MN/m)
Correlation
Coefficient
Damping
(kN·s/m)
Frequency-
Dependent
K1 (MN/m)
Frequency-
Independent
K2 (MN/m)
Correlation
Coefficient
Total
Damping
Ct (kN·s/m)
Total
Stiffness Kt
(MN/m)
Damping
Ratio ζ
concrete block
on natural
ballast
(24 ◦C–25 ◦C)
00 cm 215 1.082 14.249 96.84% 1.082 0.000 14.249 96.84% 1.082 14.249 0.05
10 cm 210 1.156 13.510 95.00% 0.680 2.181 13.574 93.23% 0.989 13.259 0.05
20 cm 202 1.197 12.540 98.53% 0.722 2.321 12.605 94.22% 1.036 12.292 0.05
30 cm 207 1.394 13.129 99.07% 0.829 2.676 13.221 93.28% 1.200 12.847 0.06
35 cm 192 1.621 11.246 97.38% 1.014 3.290 11.359 92.87% 1.424 10.960 0.08
40 cm 176 1.213 9.451 94.87% 0.794 2.554 9.506 93.64% 1.084 9.235 0.06
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